Boundary value problems arising in fluid mechanics and thermal science can be transformed uniformly to a set of linear equations, whose coefficient matrix is circulant. This paper adopts a matrix iteration LSQR to solve the inverse of coefficient matrix. The solution process is elucidated step by step, and the numerical results reveal the effectiveness and feasibility of the presented method.
Introduction
Some boundary value problems arising in fluid mechanics and thermal science problems can be written as the following form [1] [2] [3] [4] [5] [6] where L is a linear differential operator, B -a boundary operator, f(x, y) and g(x, y) are two known functions, and Ω ∈ R 2 is an open bounded domain with boundary ∂Ω. By the method of fundamental solutions, problem (1) can be transformed uniformly to a set of linear equations C n z = b with unknown vector z, the circulant or block-circulant matrix C n , and the given vector b [1] . So the key to the problem (1) is to solve the inverse of the circulant matrix, C n . Generally, we should add the additional conditions such as positive definite on C n to get its inverse, and fast Fourier transformation is necessary [7] [8] [9] [10] [11] . However, it may not maintain workable as n gets bigger.
In this paper, we adopt an iteration algorithm LSQR to solve the inverse of coefficient matrix [12] . Our ideas are based on the following observations: 1 -since the inverse of the circulant matrix C n is circulant [7] , it can be mapped to the independent parameter vector with its special structure, 2 -the inverse of the circulant matrix can be transformed to solve a linear equation, and it will be obtained by vector form iteration LSQR involved Kronecker product, and 3 -the LSQR only involves matrix-vector product, however, it has Kronecker product which will increase the computational complexity. So we intend to release Kronecker product and get the corresponding matrix form iteration. In this paper, the solution process is elucidated step by step and numerical results reveal the effectiveness and feasibility of the presented method.
-------------- 
The inverse of circulant matrix and LSQR involved Kronecker product
The circulant matrix from the problem (1) has the following form: 
where 0 n G I = Note that C n is a circulant matrix, its inverse matrix C inv is also circulant [7] . So C inv can be rewritten:
where h i = 0, 1,…, n -1 are the parameters as in eq. (2). Hence:
where
T n h h h h − =  Obviously, the inverse circulant matrix C inv can be represented by the unknown vector h with (4). Therefore:
That is, we can solve eq. (5) to get the vector h and reconstruct the inverse matrix C inv by eq. (3). So the key to C inv is the solution of eq. (5). We introduce the iteration LSQR to solve eq. (5), since it has good numerical performance [7] .
Iteration LSQR

-Initialization.
Set h = h int , r = b -Ah int . Applying iteration LSQR on eq. (5), we get the corresponding algorithm LSQR_v (see [7] for details). where v ∈ R n , u ∈ R n2 . They will be very big when n increases, since the matrix A has Kronecker product, which will increase the computational complexity. So we intend to release it and get the corresponding matrix form iteration.
For the vector v there exists a circulant matrix V ∈ R n×n such that:
Now we want to correspond the vector A T u to the matrix P C (A T u) in circulant matrix space. For this end, we should find the matrix U such that U = vec(U), and represent g C (U) which is the co-ordinate of U. It is not difficult to verify that:
So algorithm LSQR_v can be rewritten as its matrix form iteration LSQR_M. 
with the given number τ. In iteration LSQR_M, the Kronecker product has been released, and the iteration only involve the matrix-matrix and matrix-vector product.
Numerical example
In this section, we test our iteration LSQR_M. The matrix size, n, varies from n = 20 to n = 500, the circulant matrix C n is constructed: and ε right = ||C n C inv -I n || F , respectively. For the given stopping criteria τ, the iteration numbers and the CPU time seem to depend on the matrix size n. As n increases, the central processing unit (CPU) time grows quickly, but ε left and ε right change a little. In tab. 1 we list the CPU time, ε left , ε right , and iteration numbers for different values of n with τ = 10 -11 , respectively. 
Conclusion
This paper reports the iteration LSQR for the inverse of a circulant matrix, which is usually the key to a class of boundary value problems. Compared with the existing methods, our iteration only involves matrix-matrix product and it is suitable for all non-singular circulant matrix. 
